
Math 451: Introduction to General Topology
Lecture 18

Def
.

Let X
,

Y be top. spaces .
Call a function f : X-Y a homeomorphism if it is a bijection

and both tand f" are
continuous ; equir .

E is a bijection and maps open ste to
open

sets

and back
,

i
.

s .

At also
maps open who to

open sets .

Call X and i homeomorphic if
there existe a homomorphism X-Y: in other words

, up
to elabeling the points,

X and Y

are the came top spaces.

Examples ,
(a) 2 and the Cantor set C = CO

,
1 are homeomorphic

(b) The Baire space INN is homeomorphic to RRI (optional HW)
(c) The profile hop on < is atil Handoff P-dim metrizable space ,

so it is

homeomorphic do Oh
, by a theorem of Siespinski.

↓of Lot X Y be top spaces .
Call a function :X-Y an embedding if it is a homomor-

phism from X to its image f(X) ; equire f is injective ,
continuous

,

and maps

open sets of X to open subsets of f(x) in the subspace top of f(x) (not necessarily
open in i).

Examples· (a) let f : 2 G12 be the homeomorphim from 2 to C
,

the lacher at.

inat is an embedding of 2 into IR
,
but f(IM = < is not in IR.

16) For
any top space

X and YEX
,

Hee inclusion
map

i : YaX : y ty is

an embedding
.

Recall . A continuous injection istypically not an embedding ,
e. g.

let X : = 11 with
No discrete top and let Y : = IR with the usual (Euclideach top ,

then te identity
m

up
id : X-> Y : x MX is a continuous injection ,

but it's not an embedding become

joh is open in X but its image Got is not open in id(X) = Y
.



limits of functions.

Def .
Let X

,
V be top spaces ,

fixeY
,
and XoEX .

We say a point yoY is a limit off

at Xo
,
and writelimf(x) =

y ,
if for

every open Veyo ,
f"(v)VI is a neighbor-

Good of Xo.

Obs
.

If XoeX is a isolated in X (i
.
e . (xo) is open) .

then livef(y) = yo for all yet
Y
.

X -> Xp
This is why limits of functions are only useful at monisolated points.

Example. Let X := 30
,

17 VI2S=IR with the subspace hop . Define I : X+ IR by
2- 2X if x (1 .

Then limf(x) = 2 bene for
any open ball

O if x = 1 x-> /
f(x) : = h 0 if x =2

12-3 ,
2 +3) - 2

,
we have " 12-3

,
2+ 3)= (1-7 ,

1 + 211313

0
if Oc32beze f(l) & (2-3

,
2 + 2) so

↑
"

12 - 2
,

2 + 3) VS1) = 11-
, H2) Mich is a weichb.

Also
,
limf(x) = -7000000 los any other of 1

.

X- 2

number) house 2 is isolated in X.

Prop .
Let X, Y be top spaces and

fix+Y
.

Let XoEX be a movisolated point.

I Y is Hanschaff then linf(x) is unique if exists .

X -> Xo

Proof
. HW

Prop , let X
,
Y be dep spaces , :X -> Y

,
XoEX

,

and you Y

(1) linf(x) =

Yo
↓

x = Xo
# for 1 itbl X

(2)linf(xu) =

yo
for

every reque (x)[X(xo that converges
to
-x

Proof
.
(IE (2)

·Supposelimf(x) = go and let kul = XXo] be a regnee covering dx
Fix an open Ve yo .

Then F"(v)vIxob is a neighbourhood of Xo
,

10 bene X-> Xo
,



we have F& xnef" (v) VIX0] · Since xn#Xp VuENNY
,
this implies Vaxnef"(V),

i
. e

. F f(x)EV
,
which means let fixe) -> yo as 14.

(E1D)
. Suppose X is d'tctbl and show not 11) => not 1)

. Assume lim fix) = so doesn't hold,
* > X

.
i

. e. 5 open Ve yo sit .

f
"

IVVIXO) is not a neighbourhood of Xo
.
Fix a ctbl

neighborhood basis (Um) for to
, so Un & f"(V) V(40) for each nEIN.

WLOG
, assume (Un) is decreasing . By A) , get Xu Ellaf" (V) VIxob] · Then

the
sequence (*)[X19X0] converges toXo beas Flu Fmzn XmEUmEln.

However
,
beys xnAf" N)

,
we have f(x) @V for all neIN

, so (f(x) doesn't
wavage do yo

Obs. Fordop , spaces
X
,
Y and an isolated XoEX

, every fix
-> Y is roctinuous at xobore

for any Va f(x)
,
F"(V) = Exol hence is a neighbourhood of xo).

Continuity via limits
.

Let X
,
Y be top spaces ,

f.X+ Y
,

and XoEX.

(1) f is continuous at Xo
.

#

I
3) limf(xu) = f(x) for all (a)- X1Ixo) converging to Xo

.

n->

Proof. HW

Topology generated by functions. Let X be a set and i be a top space .

Let F be

a set of functions X + Y
. The topology on X generated by F is the su allest (least

collection of open
sets) which makes all functions in 5 continuous

, namely ,
it is the

top YF generated by the sets of the form F"(l) where fe5 and VE Y is open

Then a basic for this hopology is formed by the finite intersections of these preimager,
u

i
. e .

the sets (f . +V
,
EHV

, futVn] ==efs"(il ,
where fit F

, VieYareopens



We will use this construction even when X is equipped with some natural top.

Examples .
Let X : = IR and Y : = IR.

(a) Let f : /R-> IR be continuous
,

for example ,
f(x) :=X

.

Then the top on IR generated
b f is Y : = (f"IV) : VIIR open) .

This is a member hop than the Enclidean

top on X := /R benef is cost ,
not the Eralid . Hop ,

so f"(l) are turlid-open.
↑ is notnecessarily strictly wecker le

. g .

if F : IR-IR is a honeomorphism ,
e . g.

the identity mep) ,
butTo is strictly wecker for f(x) = #1

,
because if v=10

,
a)

open
the " (V) = VV(U) .

In particular ,
to and -- are inseparable to all 130,

hence To is not Hausdorff.

16) let f : /R-> IR be a discontinuous faction
,

so f+/l) is not Enclid-open for cove

open VEIR . Then To is not weaker than Euclidean Lop ,
neither it is stronger.


